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Stochastic Integration and Ito’s Lemma

» A stochastic differential equation

‘ dx = p(x, t)dt + o(x, t)dW; ‘ (%)

is just notation for a stochastic integral:

Xe = Xo + fot,u(x, s)ds + fota(x, s)dWs

» Ito’'s Lemma (The Probabilistic Chain Rule): Assume ().
If Yy = g(t,xT) where g(t,x) is C?, then

dYt = gtdt + ngX + %gXXUZ(X’ t)dt

» Hint: Arrow-Pratt risk aversion coefficient motivation
» Example: We just proved that WdW = %d( w2) — %dt.
= Ito’s Lemma for g(x) = 1x2, that d(3W?) = WdW + 1 - dt
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Heuristic Proof of Ito’s Lemma

» Since dW ~ N(0, dt), we have E[dW?] = dt
> We earlier illustrated the multiplication table

X dt  dwW
dt| 0 0
dw| 0 | dt

> Try to prove (dt)(dW) = O((dt)?/3) from the properties of
the Gaussian distribution

» By Taylor's Theorem, if dX = udt + odW, then

dg = gdX + gedt + g (dX)? + 2gx(dX)(dt) + gee(dt)?]
= gudX + gedt + Lgwo?dt
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Geometric Brownian Motion

> If dX = pdt + odW find the SDE of Y; = eX

> Guess g(x) = €. Since g”’(x) = €, Ito implies

dY;
dY, = eXt[dX;+1(dX;)?] = Tf = (u+io?)dt+odW, (1)
t
= Greater volatility o2 raises the drift of (Y;).
» In practice, we are asked to “solve” equations like ()

= Solution: We unwrap Y; into Y; = ef(, for which we have a
closed formula: X; = ut + o W;, where W; ~ N(0, 1)

» “Reversing” Ito's rule — integrating — is an art
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Boundary Value Problems

Theorem
Let T be the random hitting time of (X;) from [a, b], where

dXt = /,L(Xt)dt + O'(Xt)th

Posit flow payoff 7t(x), terminal payoffs ¢(a), ¢(b), interest rate [3:

V(x) = E [ ST e Ptr(X,)dt + e BT 3(X7)| X0 = x]
Then V solves V(a) = ¢(a) and V(b) = ¢(b) and
BV(x) = m(x) + [u(x)V'(x) + Jo(x)* V" (x)]

In other words: asset return = dividend + E(capital gain)].
Proof. Advance € > 0 in time, and let o(¢)/e vanish in «.

V(x) = 7(x)e + e PPE[V(x + AX)] + o(¢)
= m(x)e + (1= Be)[V(x) + (AX)V'(x) + 3(AX)*V"(x)] + o(e)
Subtract V/(x), then divide by ¢, and let ¢ — 0, with o(¢)/e — 0.
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Example: Present Value of Utility from an Asset
» Geometric Brownian motion: dX; = X¢(udt + cdW). (%)
> Present value V(x) = E ([~ e (=X, ")dt)
= rV(x) = —x77 4+ uxV'(x) + 20°x* V" (x). (1)
> Vi (x) = x is general solution of the homogeneous equation
rVi(x) = uxVi(x) + 10'2X2 VY (x)

= (1/2)c> XA =1)+prA—r=0
= Vi(x) = cix™ + ox?? for roots A\; < 0 < Ay
> Vh( ) =0= ¢ =0.

» V,(x) = cox~ 7 is the particular solution of ()

— 2 =
reg = —l-pyctay(y+1l)e®/2 = o= 0272 + (02 — p)y —

> V(x) = cox~7 + c1x™ is the general solution
» Put Y: = aX; in (%) to prove V(ax)=a 7V (x) = =0

2x77

o292 + (0% — p)y=

V(x) =
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Binary State Bayes Rule
slope H

X,

slope L

t

» Learning about a fixed state, low or high (§ = L or 6 = H).
> Observation process dX! = 0dt + adW; for 6 € {L, H}.

Lemma
The conditional chance p; that 8 = H obeys

dp: = %Pt(l - Pt)th

where dW, is the exp_ected Wiener increment at time t, i.e.
dX: = M(p)dt + odW;, where M(p) = pH + (1 — p)L is the drift.
» The law of motion is a martingale (no drift dt term) 7/9



Gentle Proof of the Binary State Bayes Rule
» Observation process (Y:) has drift y=h=H/o or ¥={(=L]/0.
» Increment AY; = 9At + AW ~ N(9At, At) on [t,t + At],
» An increment Ay has probability density fy(Ay) in state ¢

_ 2 —(Ay)? /24t
L exp (— (Ay = VA?) ) S exp (JAy — 9> At/2)+o(At)

V2m At 2At V2mAt
= fy(Ay) = c-exp(JAy — 192At/2) (c constant in )
1
= c-[1+9Ay —0*At)2 + 508y — 92 At/2)%] + o((At)?)
= c-[1+9Ay]+ o(At)
ptfn(Dy)
= Ap; = — = — pt + o(At
Pt = Pt+At — Pt pefn(By) + [1 — pelfu(Dy) Pt (At)

_ pe(1 = p)[fa(Ay) — fu(Ay)] o
ptfh(Ay) + [1 — Pt]ff(AY) * (At)

_ pl—p)(h— Ay

- 1+ m(p:)Ay + ola)

~ pe(1—p)(h— AW o(At)
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The Belief Process in the Poisson State Switching

> Assume the state 6 switches periodically:
» State 0 switches L — H at rate b, and H — L at rate a

> Soin [t,t + dt], state H changes to L with chance adt
» Then dp; = [(1 — pt)a + p:b]dt

> Sodpr 20asp: 2 ;3
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