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Lattices and Supermodularity
Join, Meet, Lattice

o A poset is a set X and a partial order >

M, Max(M, M)
@ The join xV X is the supremum of x, X (join’)
(“meet”)
@ The meet x A X the infimum of x and X vl Iw.
@ A lattice is a poset that contains all meets and joins

@ We restrict to Euclidean lattices X C R”, where

xVx = (maX{Xl,%l}a ceey maX{XNa )(N})
x AX = (min{xq, %}, ..., min{xn, X })

e Strong Set Order (SSO), denoted J
o X O Xifforallxe X, X e X, xvxX e X &xAnXeX
X': o o o X' . °
X: o (] X: o °
° o X'
@ Prove X' 1 X fails here: Xe ¢
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Monotone Comparative Statics: Basics Review Lattices and Supermodularity

Exotic Lattices

@ What do we call the meet and join of two numbers for these posets:
@ integers ordered by b > a if ais a factor of b
@ subsets of a finite set ordered by B > A if a is a subset of b
© partitions a set S into disjoint, non-empty subets ordered by: B = A if
B is a coarsening of A
o E.g. For S={1,2,3}, the partition {{1,2},{3}} < {{1,2,3}}, but
{{1,2},{3}} is incomparable to {{1, 3}, {2}}.
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e F: X— Ris supermodular (SPM) if for all x,X € X
F(xAX)+ F(xVX) > F(x) + F(X)

e Fact: A function on a totally ordered set (chain) is SPM

o If F(x,0) is SPM, then F has increasing differences (ID) in (x,0) if
F(x2,0) — F(x1,0) increases in 6, for all xp > x;

o If F:R" = Ris C, then Fis SPM iff ;25 > 0 for all x

o Addition: If F,G: X — R are SPM, then F+ G is SPM

Lemma (Maximization Preserves SPM)
F SPM on the lattice Xx Y = G(x)=sup, F(x,y) SPM on X. J

o Proof: Let y,y € Yand x,X € X. Since Fis SPM:
F(X.Y)+ Flx,y) < FxVX, Y Vy) + FxA X,y Ay)
< G(X' V x)+ G(X A x)

e So G(X V x) + G(X A x) is an upper bound for the LHS.
e Maximizing the left side over all y,y/, we get:

G(X)+ G(x) < GX VX)+ GX Ax) O
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Monotone Comparative Statics: Basics Review Comparative Statics

Comparative Statics

o Let X*(#) be the set of solutions to the problem

F
s Flx)

Topkis Theorem (1978): Let X be a lattice, and © a poset. If
F:Xx© — R has ID in (x,0) and is SPM in x, then X*(0) is
monotone in the SSO.

@ Proof: Let ¢ = 0" and X € X*(¢') and X' € X*(¢").

0> FXVX'0)— FX,0) by X € X*(¢)
> FX VX', 0") — F(X,0") by ID in (x, 6)
> F(X,0") — FX A X, 0") by SPM in x
>0 by X' € X*(8")

All inequalities are therefore equalities
Then X' vV X' € X*(0') and X A X' € X*(¢)
So X*(0) is increasing in the SSO. O
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Quasi-supermodularity

e F:X — R is quasi-supermodular (QSPM) if ¥Vx, X € X:
F(x) > F(xAX) = F(xVX)>FX)
F(x) > F(xAX) = F(xVX)> FX)

@ The contrapositive of each yields the equivalent:
F(x) < F(xAX) < F(xVX)<FX)
F(x) < F(xAX) < FxVvX)<FX)

o If F(x,0) is QSPM, then F obeys the single crossing property in

(x, 0) if for all x2 = x1 and 6, > 61

F(X2,91) > F(x1,01) = F(X2,92) > F(X1,92)
F(XQ’H]_) > F(X1,91) = F(Xz,eg) > F(X1,92)

SCP Q-SPM
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Ordinal Comparative Statics

e Milgrom-Shannon Theorem (1994): Let X be a lattice, and © a
poset. If F:X x © — R obeys the SCP in (x,0) and is QSPM in x,
then X*(0) is monotone in the SSO.

@ Proof: Let #' = 6 with x € X*(0) and X € X*(¢').
e xVx € X*(#) since

F(x,0) > F(xAX,0) by xe X*(0)
= F(xvX,0) > FX,0) by QSPM
= F(xvxX,0) > FX.¢))  bySCP

o Next, x A X € X*(0) since:

FX,0) > FxVxX,0) byxeX(®)
= F(xAX,0') > F(X,0') by QSPM
—~ FxAX,0) > F(X,0) by SCP

@ We applied the contrapositive forms of QSPM and SCP
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Comparative Statis
Graphical Intuition for the Single Crossing Property

T
vd

M1 M2 L S
A M) MO

@ Since the reals are a totally ordered set, any function on the reals is
automatically SPM.
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Monotone Comparative Statics: Basics Review Comparative Statics

Ordinal Comparative Statics without a Lattice

@ Let X and © be posets.

@ The correspondence X : © — X is nowhere decreasing if
xp € X(01) and x1; € X(02) with x» > x1 and 6 = 01 imply
x1 € X(01) and x2 € X(67).

@ So the correspondence does not fall anywhere

e Nowhere Decreasing Optimizers (2018):
Let X and © be posets. If F: X x © — R obeys the single crossing
property, then X*(0) = arg maxyex F(x,0) is nowhere decreasing in 6.

@ If Oy = 01, o€ X(61), x1 €X(02), and x2 = x1, optimality and the
single crossing property give xp € X (62), since:

F(XQ, 91) > F(Xl, 91) = F(XQ, 92) > F(Xl, 92)
o Exercise: Prove that x; € X'(61)
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Monotone Stochastic Dominance

Let X have cdf F and Y have cdf G.

First Order Stochastic Dominance: F ZZrop G if F(x) < G(x) Vx, iff
survivors obey F(x) > G(x) Vx

Monotone Ranking Theorem. If F - rop G, then any mean of a
monotone function is higher for X than Y.

Proof: Intuitively, every increasing function can be thought as the
limit of the sum of step functions I{x > a}.

Partition the domain [0,1] with 0 =ap < --- < ay=1.

Pick wo, wi, ..., wy > 0.

Define the weighted sum of step functions:

un(x) = Spg wil{x > ax}
The mean of u(-) is higher under F than G:
Eun(X) = Yplo will — F(an)] > Sio will — G(aw)] = Eup(Y)

Take the limit as the mesh vanishes = Eu(X) > Eu(Y).

Which utility function makes the ranking theorem .iff?
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Stochastic Dominance
Monotone Concave Stochastic Dominance
e Second Order Stochastic Dominance: F 7~ sosp G if
Jo F(t)dt < [ G(t)dt Vx

@ Monotone Concave Stochastic Order. If F - sosp G, then any
mean of a monotone concave utility function is higher for F than G.

@ Proof: We prove this for “ramp” functions u, = min{a, x}.

@ Suppose that 0 < X, Y < M. Then:

Erus(X) = fo xdF(x) + f adF(x)
= \0 ( x)dx+ a(1 — F(a))
= a— [; F
o So Erus(X) > Egu,(Y) iff — [ F(x)dx > — [ G(
@ Intuitively, concave functions through the origin can be approximated
as the limit of weighted sums of ramps

e So Eru(:) > Eqgu(+). O

11/46
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A=

@ Stochastic Dommance on Closed Cones

@ A convex cone is a vector space subset closed under positive linear
combinations with positive coefficients.

@ If the mean of F exceeds G on a set of functions V, then this holds on
the convex cone U = cc(VU {£1}).

e Example: If U= { concave functions} and
V={min(0,x— a)} U{n(x) = —x} then U= cc(VU £1)

Ef(min(0, X — a) > Ef(min(0, X — a) Va and Eg(—X) > Eg(—X)

= F, G have same mean = fol[l — F(t)]dt = fo [1— G(t)]dt
@ Mean Preserving Spread: G is a I\/IPS of Fon [0,1] if

Jo F(t)dt < [ G(t)dt Vx, with equality at x=1

o

Gq

e Concave Stochastic Order. If F - pps G, then any mean of a
concave utility function is higher for G than F.

EXAMPLE. If Fis a MPS of G, then 0% > oZ.
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Stochastic Dominance
PQD: Increased Sorting in Pairwise Matches

1
)

Yo

0 o |
e Positive quadrant dependence (PQD) partially orders bivariate
probability distributions M € M(G, H)
@ Sorting increases in the PQD order if the mass in every northeast and
southwest quadrant increases.
@ So My =pgop My iff Ma(x,y) > Mi(x,y) for all x,y

o We call My more sorted than M;
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Sl P
PQD Order is Not a Lattice: Three Type Example

Pure
Matchings

NAM  PAM2 PAM4 NAM1 NAM3 PAM

NAM =<pgp [PAM2, PAM4] <pop [NAM1, NAM3] <pop PAM

@ Check that this is not a lattice!

e For PAM2 or PAM4, each of NAM1, NAMS3, and PAM are upper
bounds, but there is no least upper bound

o For NAM1 or NAM3, each of PAM2. PAM4, and NAM are lower
bounds, but there is no greatest upper bound

e Hence, PQD partial order is not a lattice on three types

e Maybe we are missing mixed matchings that restore the lattice
property. There is not.
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Stochastic Dominance
PQD - SPM Stochastic Dominance Theorem

@ This is missing from first year micro PhD curriculum:

Lemma (PQD Stochastic Dominance Theorem)

The PQD and SPM orders coincide on R?, i.e. increases in the PQD order
raise the total output for any SPM function f, and conversely:

Ma =pop M1 <[ ¢(x, y)Ma(dx, dy) > [ ¢(x, y) M1 (dx, dy)

@ Hence, PQD is called the supermodular order

@ Method of cones intuition: a SPM function is in the cone of indicator
functions [x, 00) x [y, 00) U (—o0, x] X (—00,y]

@ Homework: show that these indicator functions generate all SPM

functions Moshe Shaked
J. George Shanthikumar
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Economics of the PQD Order

Lemma (PQD is Economically Relevant)

If sorting increases in the PQD order,
(a) the average distance between matched types falls;
(b) the covariance / correlation of matched pairs rises, and

(¢) the coefficient in a linear regression of men'’s type on matched
women's type increases.

e PROOF OF (a)

o Use ¢(x,y) = |x—y|” in PQD Stochastic Dominance Theorem
o Claim: ¢ is SBM for all ¥ > 1 (homework: try to prove this!)
= E[|X — Y]] over matched X, Y falls
e PROOF OF (b)
o xy SPM = covariance Ey[XY] — E[X]E[Y] increases
e Marginal distributions on X and Y are invariant to M.
o E[X°] and E[Y?] fixed in match measure M

= correlation coefficient increases too
e PROOF OF (c¢): You try it! It's not hard!
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Monotone Comparative Statics: Basics Review Information

Bayesian Information Economics

Imagine we are trying to learning about the state of the world 8 € ©
with a prior density g() and cdf, if 6 € R

Common binary state case: © = {0, 1}, for states # = L and § = H
A signal is r.v. X whose density f{(x|f) depends on 6
A signal is a family of r.v.s {f(x|0),6 € ©}, for every state

Standard abuse of terminology: signal realization x is called the signal

By Bayes rule, upon seeing x, the posterior density is

pdflf and ) _ g(60)(x(0)
pdf) = Axls)e(s)

8(01x) = o g(0)f(x|0)

17/46



Information
Odds Formulation of Bayes' Rule

@ To eliminate the messy denominator, we often use odds

@ Posterior odds = (prior odds) x (likelihood ratio)

g(02|x) _ &(02)f(x|02)
g(t1lx)  g(61)f(x01)

Example: A test to detect AIDS, whose prevalence is ﬁ, has a false
positive rate of 5%.

Given a + result, what is the chance one is infected?

(]

Roughly: Posterior odds against infection are

999 1
ED X 19~ 1000,/20 = 50

@ One is infected with chance 2%
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Monotone Comparative Statics: Basics Review Information

More Favorable Signals

@ Signal realization x is more favorable than y if x leads to a
stochastically higher posterior distribution on states than y:
G(:|x) =Fsp G(:|y) for all nondegenerate priors G

Idea: you to think the state 0 is bigger after seeing x vs. y

(]

Theorem (Milgrom, 1981): x is more favorable than y iff
f(x|02)f(y101) = Ax61)A(y|02) V02 > O (%)

Proof for binary signals 61, 65.

For simplicity, assume equally likely atoms g(61) = g(6-)

x is more favorable than y only if posterior odds given
f(x62)  fyl62) - 8(021x)  &(b2]y)
fix01) — Aylf1) — &(01]x) ~ &(b1ly)

Basically, on a two point support, likelihood ratio domination and
FSD domination coincide

92>91<:>
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Monotone Comparative Statics: Basics Review Information

Proof of Milgrom’s Theorem

@ Proof: Assume positive signal densities at x > y.

@ Be careful about dummy variables of integration!
o Inequality: f(x|s)/f(x|0) > Ry|s)/f(¥|0), if 0 < b2 <s

6o 2 AXI9)dG(s)
1 — G(62]x) fezo f(x|s)dG(s)
0 1

= ) TR Axae(s) )

0> 1
<
- /_oo Jo, fyls)/Ry|0)dG(s)
_ Glbaly)
1 — G(02ly)

dG(0)
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Monotone Likelihood Ratio Property (MLRP)
Monotone Likelihood Ratio Property

e Signal {f(x|#)} obeys the MLRP iff x is more favorable than any y < x
e f(x,0) is affiliated if f{x1]01)f(x2|02) > f(x1|02)f(x2|61)
@ Classic Signal Families with MLRP
@ exponential: A(x|0) = (1/0)e %, x>0
@ skewed uniform: f(x|0) = nx""1/0", 0 < x< 0
© binomial: f(x0) = (7)6*(1 —6)" >, x=0,1,...,n
@ Signal outcomes x and y are equivalent if
f(x|02)f(y101) = f(x|01)A(y|02) V01, 0.
o Signal outcome x is neutral news if f{x|61)=Afx|02) Y01, 06>
= G(-|x) =G
@ Signal outcome x is good news if it is more favorable than neutral
news, i.e. iff fx|@) is increasing in 6 (bad news it if is less favorable).
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(VLIS @I ETS VNS SR SEEISIEVIEWAN  Monotone Likelihood Ratio Property (MLRP)

Good News and Bad News

@ Most signal distributions have no neutral news signal outcomes

@ To see why neutral news is rare, consider this example: 6 € [0,1], and
fx|0) = 2(0x+ (1 — 0)(1 — x)).

o So f{3|0) =2(360 + 3(1 —0)) =1 for all states 0

[\V]

—~

S~}
8

S

1
bad news neral good news
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Monotone Likelihood Ratio Property (MLRP)
Application: Contract Theory to Moral Hazard

Principal-Agent Problem (Holmstrom, 1979)
Agent expends effort @, influencing stochastic profit 7
Profit 7 has density f{|0) given effort 6
Agent's payoff to wealth wis U(w)—80, where U >0> U"
Principal has utility V(-), where V' >0 > V/
Principal and Agent are weakly/strictly risk-averse
Optimal sharing rule: Principal gives the agent a profit share s(7),
where % =b+ cf;’(:]‘:)) (c>0)
o | won't prove this, but it solves the principal's optimization subject to
agent obeying his IC constraints
Proof that sharing rule rises when f{7|6) has the MLRP:

ey == { deostoono}-so{ [ 1550

Intuition: Profits are a good signal of effort, so that 1 > s/(7) > 0, if

f?(gﬁ'ao)) increases in 7 (the MLRP)
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Logsupermodularity
Logsupermodularity (LSPM)

o If f> 0, then f logsupermodular iff Vxo > xq1, 0> > 01:
fxa|01)f(x2|02) = f(x1|02)(x2]601) =

log f{x1]01) + log f{x2|02) > log f{x1|62) + log f{x2|61)

Auction theorists call f affiliated iff fis logsupermodular

Logsupermodularity on a lattice is defined without logs:

f)fly) < AxV y)AxAy)

Multiplication preserves LSPM: f, g LSPM = fg LSPM
Addition need not preserve LSPM!
@ An indicator function: f{x,y) =1if x> yand 0if x<y

Prove that | indicator functions are LSPM ‘
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Monotone Comparative Statics Under Uncertainty Logsupermodularity

Signaling is Transitive

e Say Xsignals Y'if f{x|y) is LSPM
o If Xsignals Y (unobserved) and Y signals Z, does X signal Z?

Theorem

If f{x,y) and g(y, z) are LSPM, then so is h(x,z) = [ f(x, y)g(y, z)du(y),
for any positive measure ji.

o LSPM is preserved under partial integration
@ Is this surprise? For addition does not preserve LSPM

e Milgrom and Weber (1982), “A Theory of Auctions and Competitive
Bidding” (2020 Nobel Prize) repeatedly uses this property
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Monotone Comparative Statics Under Uncertainty Logsupermodularity

Logsupermodularity, & the Preservation Lemma

@ Ahlswede and Daykin (1979) proved the next result.

Theorem

gy, s) LSPM = [ g(y,s)du(s) LSPM in y J

e Karlin and Rinott (1980) wonderfully proved it

Lemma (Four Functions Preservation)
Let f1,f,f3,f2 >0 onR". Then

A()R(s) < fi(sV <)fa(sAs) Vs €R”

—

[ ©auts) [ 66dn(s) < [ £ [ a9
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Monotone Comparative Statics Under Uncertainty Logsupermodularity

Proof of Four Functions Lemma (Easy Part)

@ Use induction on the dimensionality of R"!
@ We prove n =1 case. The PREMISE with s’ = s gives:

fl(s)fz( 9) < A(9)(S) (1)
e Since [ fi(s)u(ds) [ fi(s) = [ [ fi(x)fi(y)p(dx)p(dy), we need

/ / (R ()R] u(dx)u(dy) < / / (60R) A B () u(dy)

x<y x<y

a=h(x)h(y), b="f(y)R(x), c=A(x)fa(y), d=f(y)fa(x)
It suffices to show that a4+ b < c+d.
Claim1: d> a,b.
e Proof: d = f3(y)fa(x) = 3(xV y)fa(x A y) since x< y
o PREMISE: d > aby s=x,9=y & d>bby s=y,s=x.
Claim 2: ab < cd.
e Proof: multiply (1) at s=xand s=y
Claims 1 & 2 = (c+d)—(a+ b)=[(d— a)(d— b) + (cd— ab)] /d >0
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B T
Partial Integration preserves LSPM

Theorem
g(y.s) LSPM = [ g(y s)du(s) LSPM in y J

Proof:

o fi(s)=gly,s). (s)=8(y,s) fa(s)=&lyVy,s), fa(s)=glyNy,s).
e Since gis LSPM, fi(s)fa(s) < fz(sV s)fa(sN )

@ By the Four Functions Lemma,

/ i(s)du(s) / f(s)du(s) < / £(5)du(s) / fuls)du(s)

o Unwrapping this, we get the desired inequality:

[ 9du(s) [ 7. )aut < [ ety v ¥l ety 1Y )
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B T
Offline: Measure Inherits LSPM from Density

AvB=U{aVvbh, ac A be B}

ANB=U{aAb, ac A bec B}

Probability measure generated by fis P(A) = [, f{s)ds

Pis LSPM if P(AV B)P(ANA B) > P(A)P(B)

Theorem: If f is LSPM, then so is P(A) = [, f(s)ds

Proof: Let fi = la(x), o =1g(y), 5 =lavs, fa = lans

The earlier holds for indicators, since when the left side of
the inequality equals one, so does the right side:

]IAzl,]IB:1:>]IA\/leand HA/\B:]-

e Proof: Ipy(x) =1 xc A andIg(y) =1 yeB.
o Butxe Aandye B=xVye AV B, and xAyec AANB.
o Set f; = fif, f = hf, f; = ff, f; = fu.
@ These obey the premise too! So by the Preservation Lemma:

A)=[ufi & )=Jsh & P(AV B)=[,,55 & P(ANB)= [, 1
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e R
Logconcavity and LSPM

e > 0is log concave when f{(1 — \)x+ \y) > Ax)1{y)?
@ When f> 0is C? on R when log fis concave, i.e.

(log )" <0 (/) <0& ff' < (f)?

Lemma (Logconcavity and LSPM)
If f> 0 is log concave then u(x,y) = fy — x) is LSPM. J

@ Proof: u, = —f(y—X), Uxy = —f”(y—X): uy = 'd(y—x)-

uLSPM & uuyy, > uu, < —ff' > —(f)? < flogconcave
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Monotone Comparative Statics Under Uncertainty Logconcavity and LSPM

Logconcavity and Prekopa’s Theorem (1973)
Theorem (Prekopa)

Let H(x,y) : R™"—R be log-concave:
H((1 = A)(z1,31) + Mzz,2)) = H(z1,31)" " H(za,2)"
for x1,x0 € R™ and y1,y» € R" and 0 < A < 1.

Then its marginal M(y) = H(z,y)dz. is log-concave.
R™ o

o Convolution Corollary: If f, g are logconcave on R then

h(x) = [ g(x— y)fy)dy is logconcave.
@ Also, the cdf or survivor of a log-concave density is log-concave
1 ifx<y
0 ifx>y

because the step function is log-concave: g(x) = {

© Normal density: f{x) = —A—e~(=#)"/2" on R

2mo

@ Gamma density: f{x) = )‘;’(Jrgl e~ is logconcave on R iff r>1

© Beta density: f{x) oc ¥*"1(1 — x)>~! is logconcave on [0,1] if a,b > 1,
as with the uniform density 2146




e R
Logconcavity and Truncated Means

@ Heckman and Honore (1990), Proposition 1

Notation of Burdett (1996), which replicates this result without cite!
Let f, be a density, and fi1(2) = [*__ fi(x)dx

Left mean: m(z) = E[X|X < 2] = [ xfy(x)dx/fi(2)

Proposition. m'(z) < 1 iff f, is log-concave.

A(2)2fo(2) = A'(2) 7, xfol(x)dx
(f1<z>)2
(7 Bx)dx) 266(2) — o(2) [, xfo(x
(ﬁ(z))
— 6@ [ (= )00d (6(a)°
£"(2hH(2)/ (£'(2)
o Thisis < 1iff 6"(2)h(2) < (A(2))°, i.e. f is log-concave

Proof: m'(z) =
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Monotone Comparative Statics Under Uncertainty Logconcavity and LSPM

Logconcavity and Truncated Expectations

Logconcavity is often met and precludes jumps in expectations

Left variance V(z) = Var(X|X < z) = V/(z) < 1 Vziff f; log-concave
Right mean m(z) = E[X|X > 2] = m/(z) < 1 Vziff f, log-concave.
Right variance V(z) = Var(X|X < 2) = \7(2) < 1 Vziff 3 log-concave
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Monotone Comparative Statics Under Uncertainty Upcrossing Preservation

Upcrossing Functions

@ Let © be a poset. Then T : © — R is upcrossing if
o T(6)>0= T(¢)>0forall ¢ >0
e T(0)>0=T(#)>0forall § >80

@ T is downcrossing if =7 is upcrossing
@ T is one-crossing if it is upcrossing or downcrossing.
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Monotone Comparative Statics Under Uncertainty Upcrossing Preservation

Upcrossing Preservation

e Karlin and Rubin (1956): If T is upcrossing, and X\ > 0 is
nondecreasing, and i is a measure, then

/'Y‘ )du(s) o;»/ T(s p(s) = (>)0

@ Proof: Let T first upcross at ty. The right side equals

JE T()AS)duls) + [° T()A(s)du(s)
> (>) >\( 0) [ T(s)du(s) + (to)ft0 T(s)du(s)
= to) 7o, T(s)du(s) > 0

@ Weakening the assumptions on T has led to key papers
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e ey
Beyond Karlin and Rubin: Integral Single Crossing Property

@ Often T is not upcrossing. Rather, only its expectation is upcrossing
e E.g. E[V/(s)|x]>0 = E[V/(s)|y] >0 if x is more favorable news than y

Corollary (Integral Single Crossing Property)
If \(x) > 0 is nondecreasing, then (if all integrals are finite)

f[yoo)ﬁXT(X)dX >0 forally = fX dx >0

Inequality is strict if [, T(x)dx >0 and 3m > 0 s.t. A(x) > m

@ A>0non| = [, T(x)A(x)dx lies in cone of (f[y,oo)ﬂXT(X)dX) Vy
@ Proof: This is clear for sum of step functions A

o Eg: A(X) = aillox +a2lox = [ AXNAX) = a1 [ T(x) + a2 [, T(x)
o Offline Formal Proof (read on your own):

e Since A is monotone, its upper sets are U = [y, o0)
Fix M > 0 very big. Let A\yy = M for x € U( M) and Ap(x) = A(x) if not
Banks Lemma (m>0 on next slide) = [, T(x)Am(x)dx>0
If M1 oo, get fx A(x)dx > 0 by monotone convergence theorer%/46



e ey
Offline: Dallas Banks Integral Inequality

@ Beesack (1957), “A note on an integral inequality”
e upper set U(y) = {x € X C R, A\(x) > y} of function A

Lemma (Banks Lemma, 1963)

If m<\(x) <M< oo Vxe X then

[ TOOAK)dx = m [, Ax)dx+ [M ( Ju) f(x)dx) dy (1)

@ See “layer cake” integral notion in wikipedia, but swap A(x) and f(x)
@ Proof: Define F(y fU f(x )dx for y € [m, M), and F(M) =0

o Layer Cake Claim: [ f(x x)dx = — [ ydF(y)
o Proof: Take a partiton m=yy<y1 <--- <y, =M
o [ ydF(y) ~ 32y il F(yik-1) — F(yi)] ~ 325y M) i) Axc since
Yk € AX) < yirr on U(y-1) \ Uy)
o Integrate Layer Cake Claim by parts to get (7)

Sy FOOAR)dx = —yF()[M + [¥ F(y)dy
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https://en.wikipedia.org/wiki/Layer_cake_representation

el
Single Crossing Property

o let XCRand f,g: X— R.
@ g dominates f by the single crossing property (or g =sc f) if

VX' > X AX)—fX)>(>)0 = g(X')—g(X)>(>)0
@ Since R is a chain, Milgrom—Shannon (1994) imply that

argmax g(x) J argmax f(x) for every Y C X
x€Y x€Y

if and only if g=g¢c f
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Monotone Comparative Statics Under Uncertainty Interval Dominance Order

Interval Dominance Order

@ The single crossing property is often too strong:
e argmax g can be right of argmax fon an interval when g =s¢ f fails.
e g dominates f by the interval dominance order (or g = f), if

fx") = X)) = (>)0 = &(x™) —g(x) = (>)0.
for every pair x** > x* such that {x**) > f(x) for all x € [x*, x"]

)

=
=
o
5
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Interval Dominance Order
Quah and Strulovici (2009)

@ A subset / C Xis an interval of X if for any X, X’ € I and any x € X
such that ¥ < x < X’, we also have x € /.

@ This is more general than real interval notion: If X={1,2,3,5,6}
then {1,2} and {3,5,6} are intervals, but not {3,6}.

@ Theorem (Quah and Strulovici (2009)) For real-valued f,gon X C R,

g=f < arg maxg( x) > arg max f(x) for every interval I C X.
xel xel

@ The IFF Milgrom and Shannon single crossing theorem is:

grscf <= arg maxg(x) > arg max fix) for every subset S C X.
xeS X<
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el
A Simple Way to Apply the Interval Dominance Order

@ Proposition 2 in QS (2009) relax Milgrom and Shannon’s SCP premise

Theorem
The maximizer set arg max, V(x, t) increases in the SSO in t provided:
IA>0 nondecreasing: Vi(x|t2) > A(x) Vi(x|t1) V2 > t1

Novel proof by my former advisee Jianrong Tian using cone logic:
Let to > t; and x; € arg max, V(x|t;) for i=1,2

Claim 1: max(x1, x2) € arg max, V(x|t2)

True if xo > x1. Assume x1 > xo.

wmm—wmmz/

X2

X1 X1

wwmwz/'xwwwmw (1)

x
@ x1 € argmaxy V(x,t1) = f;l Vi(x|t1)dx > 0 Vy € [x2, x1].
= [2- A9 Vi(x|t1)dx > 0 by integral SCP

e By (1), (x1|t2) > V(x|t2)

o Altogether, max(xi, x2) € arg max V(x, t») a/as


https://sites.google.com/view/jtian/home

Interval Dominance Order
Topkis without the Single Crossing Property

o L | o o |

Claim 2: min(x1, x2) € argmax V(x|t1).

True if x;1 < x2. Assume x1 > Xxo.

For a contradiction, assume that V(xi|t1) > V(x2|t1).
Then f;;l Vi(x|t1)dx > 0.

x1 € argmax V(x, t1) = f;q Vi(x|t1)dx > 0 Vy € [x2, x1].
Joh a(x)Vi(x{t1)dx > 0 by strict integral SCP

By (1), V(xlt2) — V(xe|t2) >0

This contradicts x» € arg max V(x|t2).

V(X1|t1) = \/(X2|t1)

min(x1, x2) € argmax V(x|t1).

PS: The proof Quah and Strulovici is not as elegant or short
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el
Application to Cost-Benefit Analysis

@ Choose x in interval X to maximize differentiable benefits minus costs:

max MN(x), MN(x) = B(x) — ((x), MN(x) = B(x) — C((x).

@ Let A > 0 be nondecreasing.

o Assume B'(x) > M(x)B'(x) and C(x) < A(x)C(x) for all x € X,

o Then arg maxyex M(x) 3 arg maxyex M(x)

e Proof: Since I'(x) = B/(x) — C(x) > A[B/(x) — C(x)] = A(x)V(x)
= =, M. Apply the Interval Dominance Order comparative static.
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Total Positivity and the Variation Diminishing Property
Total Positivity (Karlin, 1968)

Total positivity generalizes logsupermodularity, but only on the reals
u:Ax B— Ris totally positive of order k (TP if Ym=1,..., k and
x1<-<xpminACRand y; <+ <ypmin BCR (<= scalar!)

u(xi,y1) o u(xa, Ym)
: : >0

det : :
u(Xmyy1) -+ U(XmyYm)

TP; means nonnegative, and TP, is LSPM on R?
Easily, TP, = TP, VK < k.
u(x,y) is TP (or totally positive) if it is TPy Vk < oc.
Lemma: If v,w> 0 on A and B, and u(x,y) is TPy, then
v(x)w(y)u(x,y) is TP on A x B.
Lemma: If v and w are comonotone, and fis TP, on A x B, then
u(v(x), w(y)) is TPx on A x B.
O ulxy)=eYis TP = e 0 = XV 29 is TP
Q ulxy)=-2isTP

x+y
Q ulxy)=Cxy)is TP 44 /46



Total Positivity and the Variation Diminishing Property
Variation Diminishing Property (VDP)

@ TP preserves monotonicity and convexity.

Theorem (Monotonicity Preservation)

Let [ fix,y)du(y) =1 Vx. If fis TP, and w(y) is monotonic, then
u(x) = [ f{x, y)w(y)du(y) is co-monotonic with w.

e Applications: When f(x, y)u(y) is a probability density over random
outcomes y given x, where f{x, y) is the MLRP signal density

@ Proof: w monotonic < w(y) — c is upcrossing Vc € R

e Since [ fix,y)du(y) =1, for any p € R,

u(x) — c = / fx ) (W) — du(y)

@ If w(y) — c changes sign — to +, then so does u(x) — ¢ by Karlin and
Rubin (1956) Upcrossing Preservation, since f(x,y) is LSPM. O
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Karlin's Variation Diminishing Property (VDP)

o Let 5(f) be the supremum number of sign changes in
f(ta) — f(t1), ..., (tx) — ftk—1) across all sets t; < -+ < ty.
e For a function w(y), define u(x) = [ f(x, y)w(y)du(y).

Theorem (Variation Diminishing Property, Karlin (1968))
Let fix,y) be TPy. If S(w) < k—1, then S(u) < S(w), and u and w have
the same arrangement of signs (left to right) in the domain.

@ Proof: Obvious for k = 1; proven already for k = 2.

@ For k> 2, Karlin's proof is a mess.
@ Read Andrea Wilson's cool induction proof!
o Induction step: if Zy f{x, y)w(y) is n-crossing, initially + to —, and fis
TP,t1, then w(y) is n-crossing with an initial downcrossing
o Let x; <+ < Xpp1 and cy, ..., ¢, with (—1)*1¢; > 0 with
Z’"Zlf(xj,y,)w(y,):cj for j:1727"'7n+1

o She uses Cramer's rule: The TP Determinants are key
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